Abstract. This paper solves in the affirmative, up to dimension n = 5, a question raised in an earlier paper by the authors. The equivalence of the problem with a conjecture of Shou-Wu Zhang is proved in the Appendix.
Introduction
In this note we answer in the affirmative a special case of a question raised in our previous paper [BMZ] . For n ≥ 2 let C be an algebraic curve, defined over the field Q of algebraic numbers and lying in affine n-space. It will be convenient to assume that C is absolutely irreducible and to think of it as a quasi-affine subset of the group variety G n m defined by the non-vanishing of the coordinates x 1 , . . . , x n . We consider the intersections of C with varying algebraic subgroups; recall that these subgroups are defined by finitely many monomial equations x a 1 1 · · · x a n n = 1. In Theorem 2 of [BMZ, p. 1121] we proved the following result.
Theorem A ( [BMZ] ). Suppose that C is not contained in any translate of an algebraic subgroup of dimension at most n − 1, and let H denote the union of all algebraic subgroups of dimension at most n − 2. Then C ∩ H is a finite set.
The question raised in [BMZ, second Remark, p. 1121] concerns the minimal hypothesis on C which suffices for the same finiteness conclusion. It is easy to see that some hypothesis is needed. In fact, suppose that C is contained in a translate by a torsion point of an algebraic subgroup H of dimension at most n − 1. We can assume that H is irreducible, of dimension exactly n − 1. Then, after an algebraic group automorphism, we can identify H with G of dimension at most n − 2, it is not difficult to see that C ∩ H is infinite; for example, if x n−1 is not constant on C , then it takes all but finitely many root of unity values. It follows that C ∩ H is also infinite.
We believe that this situation provides the only obstacle to finiteness. For the sake of brevity, we refer to a translate of an algebraic subgroup of G n m as a coset, and if the translation is done by a torsion point, then we speak of a torsion coset. If the dimension is at most n − 1, then we say that the coset is proper. Thus we would like to state the following conjecture.
In a somewhat different form, and also in the context of abelian varieties, the same conjecture has been independently stated by Shou-Wu Zhang. With his kind permission, we discuss this further in the Appendix. Actually when C lies in a power E n of an elliptic curve with complex multiplication, the analogue of Conjecture A was recently proved by Gaël Rémond and Evelina Viada [RV, Théorème 1.7, p. 1917] .
Already in [BMZ] some easier cases of this conjecture were disposed of. In view of Theorem A we may assume that C is contained in a coset of dimension d ≤ n − 1. We noted in [BMZ, pp. 1121 [BMZ, pp. -1122 that the cases d = 1 and d = 2 follow from a well-known result of Liardet (so we may take n ≥ 4). The object of the present note is to settle the next case d = 3. In other words:
Theorem. For n ≥ 4 let C be an absolutely irreducible curve in G n m defined over Q. Suppose that C is not contained in a proper torsion coset, but also that C is contained in a coset of dimension at most 3. Then C ∩ H is a finite set.
All these results can of course be formulated in more elementary terms of multiplicative dependence. As noted in [BMZ] , a very special case of our Theorem is the following: there are only finitely many algebraic τ = 0, 1, −1 for which there are two independent multiplicative dependence relations between the numbers 2, 3, τ, 1 − τ, 1 + τ . Possibly, there are quite a few such τ ; we found 56 rational τ , and Cohen and Zannier found 34 irrational τ in [CZ] .
The proof of our Theorem may be conveniently illustrated with the above example. Let
be one of the dependence relations, and let σ be an element of the absolute Galois group Gal(Q/Q). Applying σ to (1) and eliminating 2 and 3 leads to a relation
and the conjugate ω := σ(τ ). Now (3) can be regarded as parametrizing a surface X in G 3 m ; the equation happens to be (4)
Then (2) is a dependence relation on X . But in fact we have two independent relations (1), and these lead to two independent relations (2). This means that we are intersecting X with the union H 1 of all algebraic subgroups of dimension at most 1. Such intersections X ∩ H 1 , for varieties X of arbitrary dimension in G n m , were investigated by Bombieri and Zannier [Zan] . Their work, involving a certain open subset X
• of X , implies in our situation that the point (3) either lies in a fixed finite union of one-dimensional cosets, or it has bounded absolute height.
If the first possibility holds for all choices of σ, then this situation can be reduced by Galois theory to Liardet's Theorem as above. The second possibility for a single σ essentially implies that the original point (2, 3, τ, 1 − τ, 1 + τ ) on our curve C also has bounded height. This would also be the conclusion of Theorem 1 of [BMZ, p. 1120] if it applied (which it does not). But we can now imitate the arguments of [BMZ, pp. 1132 [BMZ, pp. -1139 which deduced the finiteness of C ∩ H from this boundedness of height. Here the recent work of Amoroso and Zannier [AZ] allows an alternative presentation.
The reader will appreciate that the key to establishing the full Conjecture A for curves C is almost certainly the further study of surfaces X . More precisely, if X is in G n m , then one should intersect X with subgroups of dimension not 1 but n − 2. It is likely that this too leads to sets of bounded height. Indeed some precise results of this sort can be proved, but at the moment they do not seem enough to deduce the full Conjecture A. We will return to this surface aspect in later work.
Our present paper is organized as follows. In section 2 we collect together some preliminary observations about curves and surfaces. These then allow the Theorem and Corollary to be established in section 3. Finally, in the Appendix we state Zhang's form of our Conjecture A and we prove its equivalence with this conjecture.
In order to avoid excessive length, we have not tried to make this paper completely self-contained; in particular the reader is advised to have [BMZ] at hand when reading section 2.
Preliminaries
We record here what we need on curves from [BMZ] and on surfaces from [Zan] , together with the construction of surfaces from curves exemplified by (3).
The first result involves the absolute logarithmic height function h(P ) = h(x 1 ) + · · · + h(x n ) used in [BMZ] , for P = (x 1 , . . . , x n ) in G n m (Q). It may be thought of as a conditional version of our conjecture. Proof. We follow the arguments in [BMZ, §4] , with Γ as the group generated by the coordinates of P . If the rank r of Γ is zero, then the desired result follows from Liardet's Theorem in the form explicitly involving torsion cosets, given in [La2, Theorem 6.4, p. 203] or more generally [Li, Théorème 4, p. 205] .
Otherwise 1 ≤ r ≤ n − 2 and we have a factorization as in (4.1) of [BMZ] . Now we can deduce (4.2) of [BMZ] , not using Theorem 1 of [BMZ] but simply using our present hypothesis h(P ) ≤ B in the form h(P ) 1. Thus the constants implied by this notation depend only on n, C, and B. If r ≤ n − 3, then we can conclude with a single application of [AD] as in (4.6) of [BMZ] . Namely, the degree d of Q(P ) satisfies d 1. We now deduce the desired result from Northcott's Theorem. If r = n − 2, then we could similarly use the arguments of Lemmas 4, 5 and 6 of [BMZ] . But we wish to point out an alternative method. The equation (4.6) now yields d N 1/(1− ) and so Q(P ) contains a cyclotomic field Q(ζ) of degree φ(N ) d 1−2 which is almost as big as d itself. The Amoroso-Zannier Theorem on the relative abelian situation (see [AZ, Theorem 1.1, p. 712] ) implies that h(g) d −3 for any g in Q(P ) not a root of unity. This holds for each generator
, and so choosing small enough leads to d 1. We conclude as above using Northcott's Theorem.
The second result of this section refers to the union H 1 of all algebraic subgroups of G n m of dimension at most 1. Theorem B ( [Zan] ). Let X be a variety in G n m defined over Q, and let X
• denote the complement in X of the union of all positive dimensional cosets entirely contained in X . Then
Proof. Part (a) follows easily from the earlier work of Bombieri and Zannier [BZ] ; see in particular the displayed equation at p. 343. Part (b) is essentially Theorem 1 (p. 524) of [Zan] ; it is not difficult to see using (
Finally, to construct surfaces from curves we use the quotient map ϕ :
We use the same symbol as above, but now the implied constants depend only on n and C.
Lemma 2. Suppose that C is not contained in any proper coset. Then
Proof. Part (a) is relatively easy: if X were a curve, then X = ϕ(C, Q) = ϕ(C, P ) for any P, Q in C. This implies that X is in the stabilizer H of C, and so C lies in a translate of H. But this is ruled out by hypothesis, because H is a proper algebraic subgroup.
For part (b) we have to work a bit harder; the result is easy to prove with an exceptional set Z that is a curve, but we need a finite set. Incidentally, the situation P = Q shows that this finite set can never be avoided.
We begin by noting that X is quasi-affine, and so by Noether normalization there is an everywhere finite morphism π : X → A 2 to the affine plane. We can even take the affine coordinates x, y to lie in the coordinate ring Q[X ] of X (and even as linear forms); see for example [La1, . Hence setting ψ := π • ϕ we obtain a morphism ψ : C × C → A 2 , generically of finite degree. In particular, the function field Q(C × C) is a finite extension of the rational function field Q(x, y). It follows that if ζ is any coordinate function on C × C (or indeed anything in Q(C × C)), then there is a non-trivial equation f (x, y, ζ) = 0 for some absolutely irreducible polynomial f over Q. Let S ζ be the set of points (x, y) ∈ A 2 at which f becomes identically zero in the third variable. Then S ζ is finite, otherwise f would have a non-trivial polynomial factor in Q[x, y]. It is now immediate that if ψ(P, Q) ∈ S ζ , then we have h(ζ(P, Q)) h(ψ(P, Q)) + 1, for any P and Q in C(Q). In fact, if a non-zero polynomial f 0 over Q in a single variable has degree d, then
Since π is everywhere finite, the present lemma follows on taking Z = π −1 (S ζ ), with ζ running over a set of coordinate functions on C × C.
Proof of the Theorem and Corollary
Suppose that our irreducible curve C lies in a translate of an algebraic subgroup H 0 , without loss of generality itself irreducible. If H 0 has dimension 1 or 2, we already noted that the required result was proved in [BMZ] . Hence we need only consider the case in which H 0 has dimension 3 and C is not contained in a coset of dimension 2.
After an automorphism of G n m we may identify H 0 with the subgroup defined by
The irreducible curve C is not contained in a proper coset of G 3 m because by hypothesis C is not contained in a coset of dimension 2. Note also that the algebraic numbers g 4 , . . . , g n are multiplicatively independent, otherwise C would be contained in a proper subgroup. Let Γ be the subgroup of Q * generated by g 4 , . . . , g n .
We will require one preparatory observation. Recall (for example [Zan, p. 520] ) that there is a one-to-one correspondence between algebraic subgroups H of G n m and subgroups L of Z n . Namely, any H is defined by a finite system of monomial equations each of the form (5) x a 1 1 · · · x a n n = 1 and L is generated by the exponent vectors a = (a 1 , . . . , a n ) in Z n . More significant for us is the associated vector space W = L ⊗ Q of Q n , which we denote by W (H) to indicate its dependence on H. Its dimension is the codimension of H in G n m . Lemma 3. Let C, C be as above.
Proof. For part (a), let L be the subgroup of Z n of rank 2 corresponding to H. The projection L in Z 3 of L obtained by taking the first three coordinates still has rank 2. Otherwise, L would contain a non-zero vector (0, 0, 0, a 4 , . . . , a n ). Since C ∩ H is non-empty, this would imply g a 4 4 · · · g a n n = 1, a contradiction. So L indeed has rank 2 and it therefore corresponds to a subgroup H = H ∩ G 3 m of dimension 1, as required.
For part (b), we can pick basis elements (
Since C is not contained in a proper coset, this induces a morphism µ : C → C onto a curve C ⊂ G 2 m defined over Q; furthermore C is not contained in a proper coset.
In proving the finiteness of C ∩ H(W 0 ) we may restrict our attention to those H in H(W 0 ) for which C ∩ H is non-empty. If a as in (5) lies in the corresponding subgroup L in Z n , and a = (a 1 , a 2 , a 3 ) in L is the projection to Z 3 , then (5) for
) has a multiple of type a , we see that the components of µ(P ) in (6) lie in the division group √ Γ of Γ. We can now apply Liardet's Theorem in the slightly stronger form given in [La2, Theorem 7.3, p. 207] or [Li, Théorème 1, p. 187 ]. As C is not contained in a proper coset, it follows that µ(P ) lies in a finite set independent of P . Since µ is a quasi-finite morphism, we conclude that the points P = P × Q 0 lie in a finite set independent of P (or H), thereby proving what we want.
We are now in a position to follow through the proof of our Theorem. Let K be a number field of definition for C. In establishing the finiteness of the set of points P of C ∩ H we may restrict attention to those P lying in some H of dimension exactly n − 2. It follows from Lemma 3(a) that H = H ∩ G 3 m is a subgroup of dimension 1.
As C ⊂ G 3 m is not contained in a proper coset, Lemma 2(a) shows that X = ϕ(C × C ) is a surface, clearly irreducible, for the quotient map ϕ associated with G 3 m . Write P = P × Q 0 on C = C × Q 0 , and let σ be any element of the Galois group Gal(K/K). Writing down equations (5) for P as in (1), applying σ and eliminating the offending translate Q 0 = σ(Q 0 ), we find that the point
as in (3) lies in H , as in (2). Because σ(P ) is also in C , it follows that P σ lies in X ∩ H 1 , in the notation of Theorem B(b).
There are now two cases to distinguish. The first and easiest is when there is σ such that P σ lies in X
• but not in the finite set Z of Lemma 2(b). Then Theorem B(b) implies that the height of P σ is bounded independently of P and σ, and Lemma 2(b) implies that the same is true of the height of P . Thus the same holds for P = P × Q 0 on C ∩ H and now our Theorem follows from an application of Lemma 1.
The second case is when P σ lies in X \ X • or Z for every σ. Theorem B(a) tells us that X \ X
• is a finite union of α Then Lemma 2(a) would imply that C is contained in a proper coset. So α(C ), and therefore also C , would be contained in a proper coset, which we have ruled out near the beginning of this section.
Similarly, the possibility k = 2 can be entirely eliminated, for then α(X ) = G 2 m ×Y for a single point Y in G m and we could argue as above with the projection of α(C ) to G m .
Thus 
This holds for all σ in Gal(K/K); let us therefore consider P m σ for fixed P as a function χ(σ) of σ. For any τ in Gal(K/K) we calculate from (7):
As P is defined over some number field, the image of χ is a finite group, say of order l. Thus P M σ = 1 for M = ml and all σ. We conclude that
The final stage of the proof is expressed in terms of valuations. Recall that P = (x 1 , x 2 , x 3 ) was a point on the curve C in G 3 m defined over K. Select nonzero polynomials f 1 , f 2 , f 3 over K vanishing on the various projections of C to G 2 m . Let V be the set of non-archimedean valuations on K which are trivial on the group Γ (generated by g 4 , . . . , g n ) and on the non-zero coefficients of f 1 , f 2 , f 3 . The complementary set S of all other valuations on K is finite. For each v ∈ V we fix once and for all an extension, again denoted by v, to K.
Let v ∈ V and consider the equation f 3 (x 1 , x 2 ) = 0. Since v is non-archimedean there must appear two monomials with the same value, and since v is trivial on the coefficients of f 3 we get an additive relation
2 is non-zero taken from a finite set independent of P or v. The same argument applies to any pair v(x i ), v(x j ) with 1 ≤ i < j ≤ 3.
Therefore the point v(P ) = (v(x 1 ), v(x 2 ), v(x 3 )) lies in a finite set of Q-vector spaces of dimension at most 1, also independent of P or v.
Suppose first that v(P ) = 0 for every v in V . Then each x M i belongs to the finitely generated group Γ S of S-units of K. So x i is in the division group √ Γ S , and we can apply Liardet's Theorem to finish the proof of our Theorem in this case.
Suppose then instead that there is v in V with v(P ) = 0, so that v(P ) lies in a finite set of Q-vector spaces U of dimension 1. Writing down the equations (5) for P = P × Q 0 in H, applying v and using that v is trivial on Γ, we deduce that
So this holds for all a in W (H ), and hence the latter twodimensional space is determined by its orthogonality to some U . We can therefore apply Lemma 3(b) once more, and this completes the proof of our Theorem.
To deduce the Corollary we may split into three cases. Let C be a curve in G 5 m not contained in a proper torsion coset.
First, if C is not contained in any proper coset, then the result follows from Theorem A above.
Second, if C is contained in a coset of dimension 3, then it follows from the Theorem above.
Finally, if C is contained in a coset of dimension 4, then after an automorphism we can suppose that C = C × Q 0 with C in G is in C ∩ H ("two relations"), then P in C lies in a proper algebraic subgroup of G 4 m ("one relation"). Should C lie in a coset of dimension 3, then so does C and we are back in the second case. Otherwise we can apply Theorem 1 of [BMZ] to C and we deduce that P has bounded height. Thus P = P × Q 0 also has bounded height. We conclude using Lemma 1 above.
Appendix: A conjecture of Shou-Wu Zhang
We shall now briefly discuss the conjecture of Zhang alluded to above. Although Zhang formulated the conjecture for commutative algebraic groups more general than G h m and varieties other than curves, here we shall limit ourselves to the cases relevant to this paper.
We start with a modified definition of multiplicative dependence of morphisms, due to Zhang. Then let C be a quasi-projective irreducible curve over Q and let f 1 , . . . , f N : C → G h m be morphisms over Q. Definition. We say that f 1 , . . . , f N are Zhang-independent if for any integers a 1 , . . . , a N , not all zero, the Zariski closure of f
We do not insist here that the alluded torsion coset is proper. Observe that if the f i are multiplicatively dependent, then some non-trivial combination f We shall show the equivalence of Conjecture Z with Conjecture A stated in §1 above.
be a curve not contained in any proper torsion coset, so the coordinates x 1 , . . . , x n on C are multiplicatively independent rational functions. By applying Conjecture Z to suitable data, we proceed to show that C ∩ H is finite.
We choose N :
1 Then we have
This expression shows that for the f i to be Zhang-independent it is necessary and sufficient that the rank of the n vectors a 1 v 1j + · · · + a N v Nj , j = 1, . . . , n, is ≥ 2 for any choice of the integers 2 a i , not all zero. We prove in a short lemma that the integral vectors v ij may be chosen with such property. 1 Here we adopt the usual notation
2 This integrality will not matter in what follows; introducing it would lead to a notion of virtual Zhang-dependence which we do not pursue here.
Proof of lemma.
A little inspection shows that we have to prove the existence of an n × n integer matrix M = M(a), whose entries are linear forms in the N = (n − 1) 2 numbers a 1 , . . . , a N , with the property that rank M(a) ≤ 1 ⇒ a : = (a 1 , . . . , a N ) = 0. Now, it is not difficult to see that 2n−1 generic bilinear forms in u = (u 1 , . . . , u n ), w = (w 1 , . . . , w n ) have no common zero in P n−1 × P n−1 (either by an inductive process, or using Segre coordinates in P n 2 −1 , or by the theory of mixed resultants as for example in [GKZ, p. 438] ). Consider the 2n − 1 terms u i w j involving u n or w n ; these may be indexed by (i, j) in K n := {1, . . . , n} 2 \ {1, . . . , n − 1} 2 . The corresponding coefficient vectors in the bilinear forms are independent. Therefore, by taking suitable linear combinations we can assume that the above bilinear forms have the shape
with C ij bilinear in u 1 , . . . , u n−1 , w 1 , . . . , w n−1 . By specialization we can further assume that the coefficients of C ij are in Z. Introduce the N variables y rs = u r w s (for (r, s) ∈ {1, . . . , n − 1} 2 ) and express C ij as a linear form L ij (y) in the y rs , for
2 . These linear forms now define the required matrix M, after we identify a 1 , . . . , a N with some ordering of the y rs .
Why is this? Suppose that for some complex value y the rank of M(y) is at most 1. Then there are complex u, w with u i w j = L ij (y), for (i, j) ∈ {1, . . . , n} 2 . In particular, u r w s = y rs for (r, s) ∈ {1, . . . , n − 1} 2 and now the other equations
imply that u = 0 or w = 0; in either case we get the required y = 0, finally proving the lemma.
Coming back to the morphisms f i , recall using (8) that the lemma proves that they may be chosen to be Zhang-independent, as we shall assume.
We now apply the Conjecture Z to our curve C and morphisms f i . We conclude that for all P ∈ C(Q) outside a certain finite set Σ the values f i (P ), i = 1, . . . , N, are multiplicatively independent. Now let P ∈ C(Q) lie in C ∩ H, i.e. in some algebraic subgroup of codimension ≥ 2. Then the multiplicative rank of the group G generated by the coordinates of P is ≤ n − 2. Thus the vectors f 1 (P ), . . . , f N (P ) lie in the Cartesian product G n , whose rank is at most n(n − 2). As N = (n − 1) 2 > n(n − 2) these vectors must be multiplicatively dependent. In view of the above, we conclude that Q lies in the finite set Σ, proving the conclusion of Conjecture A for the curve C, and proving therefore the implication in question.
Part (ii): Conjecture A ⇒ Conjecture Z. Now let f 1 , . . . , f N be Zhang-independent morphisms from C to G h m . We start by disposing of an easy case: if f 1 , . . . , f N are all constant, then the conclusion of Conjecture Z holds unconditionally. This is because the dependence of any values f 1 (P ), . . . , f N (P ) would immediately imply the Zhang-dependence of the morphisms f 1 , . . . , f N .
Therefore we can assume that f 1 , . . . , f N are not all constant. Each morphism has h coordinates which are morphisms from C to G m , and so the complete set of Assume now that P ∈ C is an algebraic point such that the values f 1 (P ), . . . , f N (P ) are dependent, so that a relation (f 1 (P )) a 1 · · · (f N (P )) a N = (1, . . . , 1) in G h m holds for some integers a 1 , . . . , a N not all zero. Now f
N cannot be a constant, or else this constant would be (1, . . . , 1), contradicting the Zhangindependence. So, in view of the above contention, the rank of the a 1 v 1j + · · · + a N v Nj (1 ≤ j ≤ h) in Z n is at least 2. In particular n ≥ 2 and (9) shows that ϕ(P ) lies in an algebraic subgroup of G n m of dimension at most n − 2. The conclusion of Conjecture A for the curve ϕ(C) in G n m then says that ϕ(P ) lies in a finite set independent of P . Now ϕ is not constant because we assumed that f 1 , . . . , f N are not all constant. Thus the point P also lies in a finite set, proving the conclusion of Conjecture Z and the second half of the equivalence.
